Available closed-form Green's function (CFGF) representations for cylindrically stratified media are modified to obtain new CFGF representations that yield very accurate results for cases where source and field points are on the top of or very close to each other. Consequently, these new expressions can safely be used for the entries of the method of moments (MoM) impedance matrix that represent the self and overlapping terms in a Galerkin MoM procedure. Numerical results for the self term and mutual coupling between arbitrarily oriented current modes are obtained using these new CFGF representations and compared with the results of an eigenfunction solution developed using spectral domain techniques. Excellent agreement is achieved.
INTRODUCTION
It is very common to use closed-form Green's functions (CFGF) obtained using the discrete complex image method (DCIM) for the rigorous analysis of printed circuit elements or printed antennas in planar multilayer media [1] - [5] . In general, an integral equation (IE) is set up and the CFGF is used as the kernel of this IE. Finally, the IE is solved using the method of moments (MoM) based algorithms.
Unfortunately, the cylindrical counterpart of the outlined procedure is very rare due to the limitations on the available CFGF representations for cylindrically stratified media.
Early studies on the subject of CFGF for cylindrically stratified media have the CFGF expressions that are valid when the source and observation points are on different radial distances from the axis of the cylinder [6] - [8] . Therefore, these expressions can not be used in conjunction with an MoM-based algorithm to solve antenna input impedance and mutual coupling problems. In [9] , a closed-form solution for a cylindrically conformal microstrip antenna is given. However, the provided closed-form expressions are for the impedance matrix elements and the elements of the voltage vector rather than the Green's functions. In [10] the presented CFGF expressions are valid when the source and the observation points are located at the same radial distance from the axis of the cylinder. However these expressions are to be used in the mixed potential integral equation.
Recently, very efficient CFGF representations for cylindrically stratified media are provided to be used as the kernel of an electric field integral equation (EFIE) [11] . They can be used in conjunction with MoM-based algorithms because their accuracy range is significantly wider than those of the previously available CFGF representations. For example, the CFGF representations provided in [11] are valid along the axial line, which has not been available before. However, these expressions experience a relatively severe singularity when the source and observation points overlap with each other. Such a singularity can also affect the accuracy of the fields when the source and observation points are very close to each other. Unfortunately, such cases constitute the self and overlapping entries in the MoM impedance matrix that have the utmost importance in a MoM based solution. Therefore, in this paper slightly modified CFGF representations are developed that yield very accurate results for all source and observation points. Consequently, these new expressions can be safely used for the entries of the MoM impedance matrix that represent the self and overlapping terms in a Galerkin MoM procedure. Figure 1 illustrates the geometry for a cylindrically stratified media that is assumed to be infinite in the z-direction. The innermost region with a radius 0 a (denoted by the subscript j=0) is perfectly electrically conducting (PEC) and forms the cylindrical ground plane. Material layers (j=1, 2,…) surround the PEC region coaxially. Each dielectric layer has permittivity, permeability and radius denoted by j , j , and j a , respectively. Tangential current modes denoted by '( ', ', ') P z and ( , , ) P z are defined at the interfaces, and each has a dimension of 2 a z by 2 a l (with a j a l a ) along the z-and -directions, respectively. Finally in Figure  1 , s denotes the geodesic distance between the two current modes (or between the source and observation points for the CFGF expressions), and is the angle between the geodesic path and theaxis. Figure 1 : Geometry of the problem.
THEORY

Geometry
Spatial Domain Green's Function Expressions
For the current modes shown in Figure 1 , the spatial domain Green's function uv
In (1)- (2) f n k and added as a separate function of 1 S using the following identity:
Similarly in (1) J . The current modes are defined by a piecewise sinusoid along the direction of the current and by a constant along the direction perpendicular to the current. When the separation between the current modes is less than 0 0.3 , rather than finding the CFGF expressions for the integral part of (1), we first substitute (1) into (7), perform some modifications on (1) (via integration by parts) before the evaluation of (7), and then the modified version of the integral form of (1) is evaluated in closed-form. As a result, possible numerical problems for small separations are avoided and accuracy is improved.
For the zz case, the spatial domain counterpart of 2 j k includes derivatives with respect to z and ' z .
These derivatives [together with the ones in the analytic part of (1)] are transferred on the current modes using integration by parts twice. In z z case, a derivative with respect to z and another derivative with respect to exist in (1) due to l=1 and p=1, respectively. Similar to the zz case, these derivatives are transferred on the current modes using integration by parts twice.
Finally for the case, because p=2 in (1) [due to (2) ], derivatives with respect to and ' will appear in the spatial domain counterpart of (1). Again they are transferred on the current modes using integration by parts twice.
As a result of these modifications, 1 
The last term in (8) is the singular term. It is subtracted from 1 S during the numerical calculations and its contribution is added analytically.
When the areas of the current modes overlap with or on the top of each other (i.e., overlapping and self terms), z can also be equal to z' leading to | '| r r becoming zero and hence, a singularity appears in 1 I . Approximating 1 I as
r r z z (9) this approximated term is subtracted from 1 I in the numerical evaluations and its contribution is added analytically. Note that, in the course of finding the contribution of the approximated term analytically we made use of [12] , which is related to planar geometries.
Integration Path
The CFGF representations to be used in (7) are found using a two-level generalized pencil of function (GPOF) method in conjunction with the integration path shown in Figure 2 . The modified spectral domain part of the Green's function representations [i.e., the first term of (1) after performing the integration by parts twice in (7)] have very small and almost constant contribution along 5 . These constants are subtracted from the integrands and the remaining spectral domain expressions are sampled uniformly on each i (i=1-4) along the paths 1 4 with N 1 , N 2 , N 3 and N 4 samples. Then, these samples are approximated in terms of M 1 , M 2 , M 3 and M 4 complex exponentials of z k via the GPOF. Finally, the resultant expressions are evaluated in closed-form.
NUMERICAL RESULTS
Numerical results for the self term and mutual coupling between arbitrarily oriented current modes are obtained using these new CFGF representations and compared with the results of an eigenfunction solution developed using spectral domain techniques. The geometry is a dielectric coated circular PEC cylinder with 0 0 3 a , 
CONCLUSION
Available CFGF expressions for cylindrically stratified media are modified to develop novel CFGF representations that yield very accurate results around the source region. Consequently, these CFGF representations can be safely used for the entries of the MoM impedance matrix that represent the self and overlapping terms in a Galerkin MoM approach.
Numerical results for the self term and mutual coupling between arbitrarily oriented current modes are obtained using these new CFGF representations and compared with the results of an eigenfunction solution developed using spectral domain techniques. Excellent agreement is achieved. More results regarding the input impedance of microstrip antennas on the top of coated cylinders will be presented during the presentation.
